Lecture 2: Complex Numbers cont. & 1.2 Polar Form

September 13, 2016 12:59 PM

Recall:
C={a+bi|a,beR}
Remember:
(i) i?=-1
(i) To divide a + bi, expand the fraction
with a = bi

The Conjugate nolahon For Yt conjugere

KY
Let z = a + bi. Then,?:: a — bi ——9"com\oldt C°“l”‘)°‘k of =
|z| == VaZ + b2— "modulus of 2 or
“absolute value of 2
Observe:
zxz =\(a + bi)(a — bi) = a® + b? =/|z|?
Useful properties Let z,w € C, then:
(i) z+w=z+w
(i) ZwW=z*w
(i) Z=2z
(iv) z=2z <=> Im(z)=0 <=> zeR
if and only
(v) z=—z <=> Re(z)=0 <=>: z is purely imaginary
(vi) |z|eR with|z| =0 ) cenraseds
Moreover, |z] = 0 <=> z=0 £ and &«\l\/ .
(vii) |z| =z
(viii) [zw| = |z] * [w|
() |z +wl < lz] + |w]
“‘h(lomf)\e \|\10\7&\\+\{“
AL 1.2 Polar Form
2/\%
“/ z=a+bi
Describe z in terms of: Iw}( From O wio ?os\sﬁvg

(1) 1z =0
(2) argument Arg(z) = 6
with—r<60<nrn

real s aNna easuye
+he w[_g Countvaloclewse

\\0‘(9“ ,—\-‘
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Soif z=x4yi € Cthen

I

— =cos(f), J_ sin(#)
- -

and
'.T':|Z|: 372_|_y2

Therefore:

z=x+yi=rcos(f)+irsin(f) = r(cos(f) +isin(f)).

Example z =4 + 3i
PLN @ |Z| 16 +9
2

g_(ﬂ.k '.
! P
sinf = =
/ cosf = 3
_y _Im(2) 0 ~ 36.87°
ng ===
T |z|
x Re(2)
cosf =—=
T |z|
y  Im(2) z=Re(z) +ix*Im(z
tanf = o = Re(2) > = |z| * (cos@ + i = sinf
Polor form ersonD

However, Euler proved that by comparing power series with trig functions, one will discover:
e® = cos(0) + i * sin(6), which means that we can modify our original polar form to:
z = |z| * (cos(8) + i * sin(8))

= |z| * 9 (Polacform version 2)

Observations:
(1) If 7> 0,then rxel® =1 xei®

[Zl (/ <=>r =r"and @ = @' + 2nn when neZ
(2) r+el® =rxel®
|ei9| =1

Polar form: |z| * e'?
Example: z; = 2i,z, = —l,z3 =1+

Ton
—Z*eJZT ‘_)0[0
371’
2 2 Z, =1%e" 2
[ ] Y sl
5 o Z3=\/§*el4

Multiplication in Polar Form
i6

Z=r=xe w=tx*el®

z+xw =r1(cosf + i * sinf) = t(cosa + i * sina)
= rt[(cosOcosa — sinBsina) — i(cosHsina + sinfcosa)]
= rt[cos(0 + a) + isin(6 + a)]
=rt* ei(9+a)
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= rt|(costcosa — sinUsina) — i(costsina + sinbcosa)|
= rt[cos(0 + a) + isin(6 + a)]
=1t * ei(0+a)
L Multiply the moduli and add the arguments
Just like usual multiplication with exponents!
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